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On Iterative Bayes Algorithms for
Emission Tomography

Jun Ma

Abstract—In this paper we formulate a new approach to medical
image reconstruction from projections in emission tomography.
This approach conceptually differs from the traditional methods
such as filtered backprojection, maximum likelihood or maximum
penalized likelihood. Similar to the Richardson-Lucy algorithm
([1], [2]), our method develops directly from the Bayes formula
with the final result being an iterative algorithm, for which the
maximum likelihood expectation-maximization of [3] (or [4]) is a
special case. Although there are different ways to enforce smooth-
ness in the reconstructions using this method, in this paper we opt
to focus only on the way which smoothes the camera bin measure-
ments before reconstruction. In fact, this method can be explicated
as maximizing a special penalized log-likelihood function. Its the-
oretical properties are also analyzed in the paper.

Index Terms—EM, iterative Bayes algorithm, MPL, smoothed
sinogram.

I. INTRODUCTION

THE methods of maximum likelihood (ML) and maximum
penalized likelihood (MPL) (or equivalently, maximum a

posteriori (MAP)) furnish alternative statistical image recon-
struction methods in emission tomography; some references to
these methods are [5]–[8]. For ML image reconstructions, the
iterative expectation maximization (EM) algorithm is a widely
used method [4]. The main reasons for its popularity are: (i) the
simplicity of the EM updating formula, which involves only for-
ward and backward projections, and (ii) that it automatically im-
poses non-negative constraints in the reconstructions. However,
a major drawback of the EM algorithm is its extremely slow con-
vergence speed, particularly in the later iterations where high
frequency components of an image are restored.

In the context of image (and signal) processing, it is well
known that the EM algorithm for emission tomography is in-
distinguishable from the Richardson-Lucy (RL) algorithm ([1],
[2]). Unlike the EM method which uses complete data in max-
imizing the observed (incomplete data) likelihood function, the
RL method is an iterative algorithm developed directly from the
Bayes conditional probability formula; see [1] and [2].

For MPL reconstructions, direct application of the EM algo-
rithm becomes less attractive, even with a Gaussian prior, be-
cause the resulting estimating equations are not easy to solve
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directly. Green’s one-step-late (OSL) algorithm [9] and Lange’s
modification to OSL [8] are useful in finding the MPL solu-
tion. However, with concave priors, the modified EM algorithm
of De Pierro [10] solves this problem more satisfactorily as it
assures that the reconstructions are enforced with non-negative
constraints and that iterations converge towards the MPL solu-
tion [10]. Alternatively, non-negatively constrained MPL esti-
mates can be obtained by one of the multiplicative iterative in-
version (MII) algorithms of Ma [11]. The simulation studies in
Section V actually used one particular MII algorithm for various
constrained MPL reconstructions.

In emission tomography, smoothing the reconstructed image
is usually facilitated by the following practices: (i) early ter-
mination of the iterations (e.g., [12]), (ii) MPL reconstructions
with an appropriate smoothing parameter (e.g., [8]), (iii) func-
tion expansion where the unknown image is represented by a
set of smooth basis functions (e.g., [13]), (iv) post smoothing of
the reconstruction within each iteration (e.g., [14]) or after all
iterations ([15]), and (v) pre-smoothing of the camera data (i.e.,
sinogram) followed by filter backprojection (FBP) (e.g., [16],
[17]).

This paper develops a new reconstruction method called
the iterative Bayes (IB) algorithm. Its development naturally
requires pre-smoothing the camera data. The reconstruction al-
gorithm itself, however, is not FBP. Rather, it appears similar to
the EM or the RL algorithm. The sole difference between the IB
method and EM is that the camera measurements are replaced
by their smoothed values. It facilitates a different smoothing
strategy: unlike the traditional MPL method which imposes
smoothness directly on the image, the IB method enforces
smoothness by smoothing the observed measurements. The use
of smoothed measurements in an EM type algorithm is novel.
In Section V we will compare, through simulations, the bias
and variance (and thus mean square error (MSE)) properties of
IB and MPL.

This paper borrows the terminologies from single photon
emission computed tomography (SPECT); however, the method
applies also to positron emission tomography (PET).

The observed measurements are denoted by and
the unknown emission activities are denoted by . Let

be the -vector for all and the -vector for all . Here we
use for the camera bin index and
for the voxel index. The matrix is called the
projection (or system) matrix, where is comprehended as the
conditional probability of a photon being detected in the camera
bin given that it is emitted from voxel .
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A commonly assumed statistical model in emission tomog-
raphy is that the ’s are independent and each follows a
Poisson distribution with mean

(1)

The ML (or MPL) estimate of is obtained by maximizing the
likelihood (or the penalized likelihood) function derived from
these Poisson models.

Our iterative method presented in Section II differs from ML
or MPL in that it does not use directly the likelihood func-
tion when estimating ; instead, it uses the conditional proba-
bilities of a photon being emitted from voxel given it is de-
tected in bin . These conditional probabilities are unknown,
but they can be estimated once is available. Thus, in each
iteration, our method refines, at first, these conditional prob-
abilities using the current estimate of , and then updates
using the refined conditional probabilities. This algorithm ap-
pears similar to the EM algorithm and thus is easy to imple-
ment. Apart from the overhead associated with smoothing the
measurements, the computational burden of this algorithm is
the same as that of EM. Moreover, as will be further explicated
and demonstrated in Sections II and V, this algorithm automat-
ically imposes non-negativity constraints. We acknowledge the
existence of positively constrained MPL methods with negli-
gible computational overhead associated with the positivity con-
straint, such as [10], [18], [19] and [11]. However, derivations
of these algorithms are more complicated than that of IB.

The rest of this paper is organized as follows. Section II for-
mulates the iterative Bayes algorithm with convergence prop-
erties studied. Section III discusses how to estimate the mean
activities by smoothing the measurements . Section IV
provides an ordered subset formulation of the algorithm. Sim-
ulation studies are given in Section V and conclusions are in
Section VI.

II. IMAGE RECONSTRUCTION BY THE

ITERATIVE BAYES ALGORITHM

A. The Algorithm

Let be the probability of a photon being emitted from
voxel and the probability of a photon being detected in
camera bin . Similarly, we use to denote the probability
of a photon being detected in bin given that it is released from
voxel and the probability of a photon being emitted
from voxel given that it arrives in bin . In emission tomog-
raphy some of these probabilities are not completely known.
However, they can be approximated or evaluated using given
information. We call and , respectively, the for-
ward and backprojection probabilities.

Probability is not known; however if is available,
then one can estimate by . Note here the scaling
factor is not important as it will be canceled out later. Any prior
information about should also be reflected in . For ex-
ample, if is known to be locally smoothed, then ,

where is the -th row of a matrix – a smoothing
operator imposing local smoothness.

For , as contains various information about pro-
jection from voxel to camera bin , such as system geometry,
attenuation, scattering etc, it is commonly accepted to estimate

by . Frese et al. [20] give an example of
how to determine the system kernel (i.e., ’s) empirically for
the IndyPET scanner.

Backprojection probability can be evaluated from
and using the Bayes formula, namely,

(2)

As the vector of ’s is estimated by unknown , we may
compute and iteratively: from the current estimate of

, which is denoted by , first obtain the following update to
from (2):

(3)

where . Then from we can derive
the next update .

The update can be obtained by realizing that, for any
emitted photon from voxel , the probability of this photon being
detected is . Thus,

(4)

where is the expected counts (unobservable) for bin .
Discussions on how to estimate these ’s are given below in
Section III. It is important to realize that both sides of (4) repre-
sent, from different points of view, the expected total detectable
photon counts in voxel . The argument for smoothing camera
measurements arises naturally from the necessity of estimating
the ’s, where we assume that neighbouring ’s are similar.

Equation (4) cannot be implemented yet as the ’s are un-
known. There are several ways of estimating . For example,
we may estimate by . However, this estimate is unsatisfac-
tory as it inherits all the noise in . Another possibility is to
apply a low-pass filter to the measurements . This again may
not be optimal as the filter may not adopt the known statistical
properties (i.e., Poisson distributions) of the measurements. It is
desirable to estimate by exploiting both the Poisson model
of the ’s and the smoothness of the ’s, as neighboring
values are believed to be similar. These considerations lead to
estimating by statistically smoothing the measurements .
As the probability distribution of is known, we can facilitate
several smooth estimates of , such as the maximum penal-
ized likelihood methods (more on this in Section III), the local
regression methods (such as kernel nonparametric regression),
wavelets smoothing, etc.
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Denote the estimate of by . Substituting into (4) gives
an algorithm for estimating vector :

(5)

We call this the Iterative Bayes (IB) algorithm. Note that when
, this algorithm coincides with the EM algorithm of

Vardi et al. [7] for emission tomography.
The following remarks are made due to the similarities be-

tween the IB and the EM algorithms.
1) In each iteration the updates given by the IB algorithm are

non-negative if the initial value .
2) For a voxel , if at iteration then for all

.
3) Given and for all , then for any voxel ,

if and only if for all . Thus in this
context, for those camera bins which can view voxel (i.e.,

) we must have .
4) One must be aware of the possibility that for some

, as this may cause iteration (5) not to be well defined.
We address this problem by replacing any with a
small threshold value , such as . This is because

if and only if for all . Thus, if
for bin , the contribution from bin towards improving
remains zero no matter what value takes. On the other
hand, if , then the next update remains zero
regardless of values.

5) If then satisfies
, i.e., the reconstruction preserves the total

smoothed measurements.
6) It is trivial to impose when estimating

; thus we can coerce the IB reconstructions to preserve
total camera measurements.

If the true ’s can be obtained and the system matrix is
accurate, then there is no need to include any prior informa-
tion (of ) for the IB estimate of the ’s. This is because the
IB estimate is given by the correct marginal probability (4) and
it gives the best match (measured by the Kullback-Leibler dis-
tance) between its projection and the ’s; see Section II-B. In
practice, however, the true ’s can never be obtained and is
most likely not accurate due to attenuation or detector blurring;
prior information about can improve its IB reconstruction. If,
for the IB algorithm, we know a priori that follows some local
smoothness pattern, then we can incorporate this information by
designing an algorithm similar to the EM smoothing (EMS) al-
gorithm of Silverman et al. [14]. That is, at the end the -th
iteration of IB, we modify by: , where the right
hand side denotes the IB update from (5) and denotes a
local smoothing operator. We comment that this approach of in-
corporating the prior differs from MPL as MPL uses a penalty
function to include the prior. Properties of this modification to
IB, such as its resolution property, require further studies.

For the situation where the observed measurements are in
list mode, the IB algorithm (5) is unchanged except that the ’s
are obtained differently, such as by kernel density estimation.

B. Convergence Properties

Following the convergence proof in [7] for the EM algorithm,
we derive similar results for the IB algorithm. The results are
included in Theorem 1 without proof as they follow directly
from [7, Theorem 1].

Theorem 1: Let and be a smoothed
estimate of . Consider the function defined by:

(6)

We aim to find which maximizes . The function
and the IB algorithm (5) have the following properties:

1) is a concave function. Thus there exist global maxima,
which may not be unique, satisfying , and defined by
the Kuhn-Tucker necessary conditions

(7)
where denotes the first derivative of with re-
spect to .

2) Assuming for all , then the maximum of
is unique if and only if the vectors ,

, span the dimensional real space , where
denotes the -th row of .

3) The function strictly increases as moves from to
according to (5) unless . That is

(8)

and the equality holds only when , i.e., when
the IB algorithm has converged.

4) Given that the initial , the IB algorithm converges
to one of the global solutions maximizing for .

Let be the vector of all and be the vector of all . The
Kullback-Leibler (KL) distance (also called the -divergence in
[21]) between two non-negative vectors and is

(9)

Maximizing is equivalent to minimizing , which
is called the minimum KL (minKL) criterion later; the IB algo-
rithm finds a non-negative minKL estimate and we denote this
estimate by (and reserve for the ML estimate).

From the above analysis we see that, under certain regularity
conditions, the IB algorithm converges to such that its projec-
tion is close (measured by the KL distance) to . Hence if
is smooth so will be . However, smoothness in may not
necessarily suggest smoothness in , particularly if the projec-
tion matrix incorporates the depth-dependent collimator blur.
In Section II-D we will explain why is likely to be smoother
than the ML reconstruction by comparing their variances.

This minKL estimate of can be represented as an MPL es-
timate with a particular penalty function, as explained below.
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C. Relationship With MPL

According to the statistical model assumed for the measure-
ments , , the log-likelihood function from the mea-
surements is

(10)

On comparison with we observe that

(11)

i.e., is a penalized log-likelihood function with penalty
function given by .

Unlike traditional penalty functions for image restorations,
such as the Gibbs or the roughness penalty, where the penalty
function usually quantifies local smoothness of the unknown
image, this penalty measures, in the projection space, closeness
(or “distance”) between and weighted by . This func-
tion penalizes the estimate of according to the smoothness of

. When is close to and hence is not smooth, then is
close to zero and the solution maximizing is close to the
ML estimate. On the other hand, when is smooth and hence
is away from , will penalize any solution that will pro-
duce too large (due to large positive ) or too small (due
to large negative ) . Thus the penalty function drives

to match rather than .

D. Approximate Mean and Variance

By differentiating with respect to , the minKL estimate
must satisfy the following estimating equations:

(12)

where , a diagonal matrix with diagonal el-
ements ( ), and where . Clearly, the
equations given by (12) are non-linear in . The solution to
(12) exists (see Theorem 1), and this solution is a function of

: .
Let , where denotes the expectation of , and let

. An approximate variance matrix of is obtained
using the variance approximation approach suggested in [22],
namely from the first order Taylor expansion of (i.e., )
around . The result is,

(13)

provided the inverse of exists. Its derivation fol-
lows closely to those given in [22] and hence is ignored here.

The same Taylor expansion yields the mean approximation:

(14)

Note that is denoted by before. Since depends on
we can write for some function . A similar argument
to (14) yields , where is the expectation of . Hence

is approximated in two steps if is known:
1) Compute using noise-free measurement .
2) Implement the IB algorithm using to develop an approx-

imated .
Equation (13) is not practical as we usually only have a single

noisy measurement so that is not available. A similar argument
to that used in Section V of [22] leads to further approximating
the right hand side of (13) by replacing by .

The variance approximation (13) helps to explain why the
minKL estimate is likely smoother than the ML estimate ;
see Theorem 2.

Theorem 2: Let be the MPL estimate of with penalty
function . Assume that is convex and twice differen-
tiable and that is invertible. Then, under the ap-
proximations given in (33) and (35), is non-pos-
itive definite.

Proof: See Appendix III.
Theorem 2 states that, under the approximations given in (33)

and (35), is non-positive definite. Hence the
diagonals of are all non-positive, i.e., for any
pixel , , indicating that likely contains
less noise than .

Section III explains a procedure of estimating on an
angle-by-angle basis. This offers a particular MPL estimation
of with the penalty function , where the
function is defined in (15). The convexity of for all

assures the convexity of .

III. NONPARAMETRIC SMOOTHING OF THE MEASUREMENTS

The success of the IB algorithm depends largely on the ability
to estimate the mean activity vector . There are many different
ways of estimating . One obvious way is to estimate by ,
and if this is the case then the IB algorithm coincides with the
EM algorithm for emission tomography. However, gauging by

is unsatisfactory as contains noise while is noise-free. We
are interested in more sophisticated approaches to estimating ,
particularly, the nonparametric regression approaches.

La Riviere and Pan [17] discuss several approaches to es-
timating ; they include the Fourier-domain apodization win-
dows method, the transformation method (transform Poisson
variables to asymptotically Gaussian variables), the penalized
weighted least square (WLS) method, and the nonparametric
regression method. For the last method they suggest different
link functions, such as the identity, square root and logarithm
links. The last two link functions are used mainly because of
the non-negativity constraints on . They compared resolution
and variance of their reconstructions (i.e., unapodized filtered
backprojection using smoothed measurements) and found that
the smoothed measurements using the square root link helped
to furnish reconstructions which possess uniform and isotropic
resolution properties.

The motive for La Riviere and Pan [17] to introduce measure-
ment smoothing is totally different from that of IB. The size of
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their reconstruction problem prevents an iterative reconstruction
and hence forbids imposing local smoothness using a penalty
function in MPL. While for IB, smoothing the projection mea-
surements is a natural choice for estimating if the neighboring

’s are believed to be similar.
In this paper, we adopt the nonparametric regression formu-

lation when estimating . Moreover, as the likelihood function
is readily available, it is natural to use the method of MPL.
This paper differs from La Riviere and Pan [17] in treating the
non-negative constraint on : they enforce the constraint using a
link function, while we impose it directly in the algorithm. There
are different ways to compute the non-negatively constrained
MPL estimate of . For example, when the penalty function is
convex, it is simply a matter to apply the modified EM algorithm
of De Pierro [10] with an identity system matrix. Alternatively,
one can apply the multiplicative iterative inversion algorithm
with line search (MIIL) proposed in [11], and the details of how
to use MIIL to estimate are given below.

The estimation of , without any prior assumptions on the
functional form of the , is equivalent to the problem of non-
parametric regression with an identity link function and Poisson
noise, in the context of generalized linear models (GLM); see
[23]. Gyorfi et al. [24] covers almost all known nonparametric
regression methods such as kernel, nearest neighbor, least
squares, penalized least squares, local polynomial kernel and
orthogonal series.

As in [17], we estimate on an angle-by-angle basis. That
is, only those on the same projection angle are estimated
simultaneously; for different projection angles, the estimation
procedures are independent. Note, however, that this approach
may introduce discrepant smoothing to the object in different
projections. Suppose there are projection angles. Let be
the index set for projection angle and let and be, respec-
tively, the vectors of measurements and expected measurements
of projection angle . Given , our aim is to find nonparametri-
cally a smooth estimate of using MPL.

From the Poisson distributions of the elements, the penal-
ized log-likelihood function is

(15)

where is the smoothing parameter and is the penalty
function. Note in (15) denotes an element of the vector . We
call the projection smoothing parameter. Ideally, each projec-
tion set should have a different optimal , and hence should
depend on . However in this paper we opt to use only a single

for all projection sets. In the simulation study in Section V we
notice that this strategy works well in practice.

The function is chosen to penalize local differences be-
tween neighboring . We let be a penalty function known
as the “roughness penalty” defined below in (16). In this context
the maximum of is a natural cubic spline [23].

Let be a smooth function connecting all ( )
along angle . It is important to note that the support of de-
pends only on the first and last camera bins along this angle.
If we assume that each angle comprises the same number of

camera bins, the roughness penalty remains unchanged for dif-
ferent projection angles as the supporting interval for is
always ; this is a computational advantage.

The roughness penalty is defined as

(16)

According to [23, Chapter 2], given that , if is the
cubic spline interpolating ( ) with knots ,
then

(17)

where is a penalty matrix obtained solely from the
knots. Constructing is trivial; details are given in Appendix I.

For the projection angle our aim is to estimate which
maximizes of (15), with given by (17), subject to
the non-negativity constraints ( ). This is a special
case of the general non-negatively constrained inverse problem
described in [11]; hence the MIIL method of [11] can be im-
plemented directly. When applied to our problem, each MIIL
iteration involves two steps:

1) Step 1: Compute

(18)

for all , where is the -th row of ,
and . If

then , otherwise go to Step
2, the line search step.

2) Step 2: Let . Find an (its value
may vary with iteration number ) satisfying the following
Armijo condition

(19)

where is a fixed threshold (such as ). Then

(20)

Steps 1 and 2 are repeated until convergence (or until a pre-
scribed number of iterations) is reached. Note that the Armijo
condition (19) is obtained from the fact that

(21)

where represents the derivative of with respect to
evaluated at .
For the iteration specified in (18), if then all

for . If the initial value in (18) and then
we must have for . In other words, if ,
a necessary condition for at an iteration is ;

Authorized licensed use limited to: MACQUARIE UNIV. Downloaded on November 4, 2009 at 18:10 from IEEE Xplore.  Restrictions apply. 



958 IEEE TRANSACTIONS ON NUCLEAR SCIENCE, VOL. 55, NO. 3, JUNE 2008

in this case we must define so that the penalized
log-likelihood function (15) is well defined.

This MIIL algorithm is trivial to implement. In the simula-
tions described in Section V we found that, when the projec-
tion smoothing parameter is not too large, Step 2 was never
required.

IV. ORDERED SUBSET FORMULATIONS

The ordered subset (OS) image reconstruction algorithms
have attracted many research activities recently. They in-
clude, mainly, ordered subset EM (OSEM) [25], row action
maximum likelihood algorithm (RAMLA) [26], block se-
quential regularized EM (BSREM) [27], modified BSREM
and relaxed OS separable paraboloidal surrogates (OS-SPS)
[18], and complete data ordered subsets EM (COSEM-ML
and COSEM-MAP [28]). Among these algorithms, OSEM,
RAMLA and COSEM-ML are for ML reconstructions,
while BSREM, modified BSREM, relaxed OS-SPS and
COSEM-MAP are for MPL reconstructions. OSEM, although
having great success in speeding up initial “convergence”, does
not usually produce convergent iterations. RAMLA is a relaxed
OSEM by introducing a sequence of damping relaxations, and
it requires that these relaxations do not converge to zero too
quickly. RAMLA is tantamount to an incremental gradient
algorithm and thus possesses proven convergence properties.
In fact, BSREM, modified BSREM and relaxed OS-SPS all
belong to incremental gradient algorithms and are convergent.
COSEM-ML and COSEM-MAP are formulated differently
using a heuristically defined complete data objective function.

We define to be a partition of the mea-
surements index set if and

for . Using this partition, vector and matrix
are partitioned accordingly into and .

Ordered subset (or block iterative) algorithms always contrive
sub-iterations within each iteration due to the fact that the algo-
rithm is implemented repeatedly on the subsets of data. We use

to denote the update of at sub-iteration of iteration .
Following the same arguments as for OSEM, we can develop

the ordered subset IB (OSIB) algorithm. Within each iteration
of OSEM, sub-iterations are formed by applying the EM algo-
rithm sequentially to subsets of the measurements. Since there
are subsets, the OSEM algorithm in each iteration updates
through sub-iterations. Sub-iterations of OSIB are similarly
constructed but now from backprojection probabilities .
At sub-iteration of the -th OSIB iteration, is computed
by

(22)

for all and for , where the conditional probability
is computed for only, and is given by

(23)

where . The starting value for the
sub-iterations is and the estimate after itera-

Fig. 1. Phantom and sinogram. (a) Phantom. (b) Attenuated projection, noise-
free. (c) Noisy projection sinogram, total counts 100,428.

tions is . We comment that when for all
then this algorithm reduces to the OSEM algorithm.

Clearly, OSIB is unsatisfactory. In each sub-iteration, the en-
tire is estimated using only a single subset and, at the same
time, is matched with for this subset. Generally, limited
cyclic convergence results where the iterations converge, in a
cyclic form, to a limited number of solutions.

A more reliable approach is offered by the following modifi-
cation. In sub-iteration of iteration , is computed using all
the data rather than only the current subset:

(24)

where is subset dependent and is given by

for

for
(25)

where and . At the
end of the sub-iterations . Just as OSIB is paired
with OSEM, the above algorithm can be associated with the
COSEM-ML algorithm of [29] and hence we name it the COSIB
algorithm. However, we derive the COSIB algorithm in a way
totally different from COSEM-ML. Briefly, COSEM-ML in it-
eration computes through (for , and

),

(26)

where

for

for
(27)

with . Note
for all , so that COSIB and COSEM-ML coincide when
for all .
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Fig. 2. Comparison of reconstructions. (a) Reconstructions from 100 k projections. (b) Reconstructions from 400 k projections. For both (a) and (b), rows 1 and
2 are for MPL-GMRF and MPL-GGMRF reconstructions, respectively, using MIIL, at iterations 16, 32 and 64; rows 3, 4 are for IB and COSIB-8 at iterations 16,
32 and 64; row 5 and 6 are for OSIB-8 and smoothed OSEM-8 at iterations 2, 4 and 8.

OSIB in each sub-iteration uses only the current subset to
estimate both and . COSIB, however, in each sub-it-
eration uses all subsets to compute , but only demands that
those ’s corresponding to the current subset be renewed.
The rest of the ’s are carried over directly from the last
sub-iteration.

For COSIB, of (24) can be cheaply computed using
since, for all ,

(28)

This demonstrates that the computational burden of COSIB is
tantamount to that of OSIB. However, we must note that (28)
is true only if is computed using (24). Thus, even
must be computed according to (24) rather than by simply set-
ting . In order to facilitate (28) we first compute, from

, for all and , and then compute
for all before imple-

menting (28).
Detailed steps of the OSIB and the COSIB algorithms are

given in Appendix II.
Convergence properties of OSEM and COSEM-ML are

studied in [25] and [28] respectively; these results apply
directly to OSIB and COSIB, and the results are stated respec-
tively in Theorem 3 and Theorem 4 without proof.

Theorem 3: Let be an estimate of . Assume there exists a
feasible solution to the linear system

(29)

where we assume with for each and
. Let be a partition of the camera

bins index set . Assume, for each subset , that
for each (this is called “subset balance” in

[25]). Then the sequence defined by the OSIB algorithm con-
verges to a feasible solution of the linear system (29).

For real emission data, the assumptions made in Theorem 3
rarely hold. In practice, we always observe convergence of to
a limited cycle. In contrast, COSIB does not produce a limited
cycle, and actually, admits global convergence.

Theorem 4: For the function defined in (6), let denote
a maximizer of satisfying . Note that may not be
unique. Let be a partition of the camera
bins index set . Then the COSIB algorithm defined
in (24) produces a sequence converging to one of as

.
From the simulation results reported in Section V (see Fig. 7)

we observe that, when the subset size is appropriate, OSIB
has fast initial convergence; only a few iterations of OSIB are
needed to furnish a “good” reconstruction. The convergence
speed of COSIB is faster than IB, but its initial speed is slower
than OSIB.

V. SIMULATION STUDIES

A. Aims

In this section we explore the performance of IB, OSIB and
COSIB for the non-negative minKL estimate, in 2D SPECT, by
applying them to a simulated image. We compare these esti-
mates with the MPL estimates using a Gaussian Markov random
field (GMRF) or a generalized Gaussian Markov random field
(GGMRF) [30] prior. The non-negative MPL estimates were
obtained using the multiplicative iterative inversion algorithm
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Fig. 3. Mean and standard deviation images from 100 k counts. (a) Mean images. (b) Standard deviation images. Column 1: MPL-GMRF (iteration 128); column
2: MPL-GGMRF (iteration 128); column 3: IB (iteration 128) and column 4: smoothed OSEM-8 (iteration 16).

Fig. 4. Mean and standard deviation images from 400 k counts. (a) Mean images. (b) Standard deviation images. Column 1: MPL-GMRF (iteration 128); column
2: MPL-GGMRF (iteration 128); column 3: IB (iteration 128) and column 4: smoothed OSEM-8 (iteration 16).

with line search (MIIL) [11], where the threshold used in
line search (the Armijo rule) throughout the simulation study
was . We also compare IB with 8 subsets OSEM fol-
lowed by a 3 3 Gaussian low-pass filter, which is referred to
as smoothed OSEM-8.

B. Simulation Design

Our simulations used an elliptical phantom shown in
Fig. 1(a). The elliptical phantom, which has the dimensions of
64 51 pixels, is contained inside a square of 64 64 pixels.
The background outside the elliptical phantom had zero emis-
sions. The two low activity circles represent the lungs and the
high activity ring corresponds to the myocardium. Within the
left lung there is a lesion (hot object) of size 2 2 pixels. The
area outside the lungs and the myocardium are called the body
background. The simulated system was consistent with SPECT
geometry. There were 64 attenuated parallel beam projections
uniformly spaced over 360 , and each projection contained
64 measurements. Attenuation coefficients were 0.15 /pixel
(water) within the body, except for within the two lungs, where
the coefficients were 0.0375 /pixel (vapour).

The projection matrix (with dimension ) was
pre-determined by the geometry of pixels and projections, ad-
justed according to the attenuation coefficients. We intended

to formulate a simple simulation study mainly for illustrative
purpose, and thus did not consider depth-dependent collimator
blur in . Assuming that there were no background activities,
the projection vector was generated according to matrices
multiplication , where represents the column vector
of the simulated phantom. Two different activity levels were
considered: the first had a more realistic average activity of
400 emissions per pixel and the second had a less realistic av-
erage activity of 100 emissions per pixel. The corresponding
total projection measurements (with Poisson noise added) were
401,674 and 100,428, and they are referred to as, respectively,
400 k and 100 k measurements. Fig. 1 also contains images of
the noise free and noisy sinogram of the 100 k counts.

The IB and MPL methods introduce smoothness differently:
IB brings in smoothness through smoothing the measurement
data, while MPL facilitates smoothness by a penalty function
restricting the reconstruction to a smoothed solution space. Di-
rect comparison of IB and MPL estimates is less sensible unless
we know exactly how they are related to each other. However,
we can compare them by examining their bias and variance (or
mean square error (MSE) when combining bias and variance to-
gether; see below) at a selected pixel, or, when more than one
pixels are involved (such as a region of interest (ROI)), average
bias and average variance (or average MSE).
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Fig. 5. Bias versus standard deviation plots for four ROIs, from 100 k projec-
tions: (a) left lung, (b) right lung, (c) myocardium, and (d) body background.
Reconstruction methods are: IB, MPL-GGMRF, MPL-GMRF and smoothed
OSEM-8.

MSE is a commonly used measurement which offers quan-
titative comparisons of different reconstruction methods in to-
mography; see, for example, [20] and [31]. It integrates both

Fig. 6. Bias versus standard deviation plots for four ROIs, from 400 k projec-
tions: (a) left lung, (b) right lung, (c) myocardium, and (d) body background.
Reconstruction methods are: IB, MPL-GGMRF, MPL-GMRF and smoothed
OSEM-8.

the bias and variance of a reconstruction. At a single pixel the
MSE of an estimate is

(30)

where is the true image value at .
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TABLE I
SMOOTHING PARAMETERS VALUES.

Fig. 7. Plots of objective difference d(xxx )� d(xxx ) (on log scale) against
iteration number k for reconstructions from (a) 100 k measurements and
(b) 400 k measurements. Algorithms are IB, COSIB-8 and OSIB-8, with pro-
jection smoothing parameter � = 10 for 100 k projections and � = 10
for 400 k projections.

We can evaluate bias and variance of a reconstruction method
using multiple noise realizations. Specifically, in our simula-
tions, we approximated bias and variance using 100 noise re-
alizations, and for each noise realization we estimated iter-
atively using IB, MIIL (for non-negative MPL) and smoothed
OSEM-8. At each iteration there were 100 such estimates for
each reconstruction method, and they were then used to esti-
mate bias and variance (and thus MSE) at any iteration of a re-
construction method.

An MPL estimate requires a penalty function (equivalent to
a negative log prior) that usually reflects local smoothness as-
sumptions. In this simulation we considered penalty functions
specified by the GMRF and GGMRF priors and denote, respec-
tively, the corresponding estimates by MPL-GMRF and MPL-
GGMRF. Details of the GMRF and GGMRF priors are avail-
able in [30]. Briefly, the log density of GMRF can be expressed
as

(31)

where and the second summation is over all
distinct pixels and that form a clique , i.e., and are
mutual neighbors. It is well known that GMRF tends to produce
images with over-smoothed edges. The GGMRF prior, on the
other hand, preserves edges better; its log density function is

(32)

where is a predetermined shape parameter. We used
in our simulations. For both GMRF and GGMRF priors, we se-
lected for and in the first-order neighbor-
hood of , for all and for all other and .

Later, we will compare the reconstructions obtained from
IB (including COSIB and OSIB), MIIL (for both MPL-GMRF,
MPL-GGMRF) and smoothed OSEM-8. Each method was im-
plemented using a smoothing parameter (projection smoothing
parameter for IB, for GMRF and GGMRF and Gaussian
filter standard deviation for smoothed OSEM) which offers vi-
sually a good reconstruction quality. These smoothing values
are summarized in Table I.

The IB reconstruction depends on , an estimate of . De-
tails of how to estimate were given in Section III. Discus-
sions on how to handle the zeros in log’s and divisors, when es-
timating by IB and when estimating by MIIL, were available
in Sections II and III. We implemented IB, COSIB with 8 sub-
sets (denoted by COSIB-8) and OSIB with 8 subsets (denoted
by OSIB-8). We wish to probe their convergence behaviour.

In this paper, we compare the reconstruction methods using
four ROIs: the left lung (including lung background and le-
sion), the right lung, the myocardium and the body background.
For each algorithm we ran a maximum of 128 iterations. In
order to study the effectuality of the smoothing parameter for
each reconstruction method, we calculated (for each method)
biases and variances corresponding to 10 preselected smoothing
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values. Note that these smoothing values were different for dif-
ferent methods; for smoothed OSEM-8, we varied the standard
deviation and fixed the order (i.e., 3 3) of the Gaussian filter.
These biases and variances facilitate, for each reconstruction
method and each ROI, a plot of absolute bias against standard
deviation.

C. Results

Fig. 2 contains various reconstructions: (a) reconstructions
from 100 k projections and (b) reconstructions from 400 k pro-
jections. For each panel, rows 1 and 2 exhibit, respectively, the
MPL-GMRF and MPL-GGMRF reconstructions using MIIL
(with smoothing parameters specified in Table I) at iterations 16,
32 and 64; rows 3 and 4 show reconstructions at the same itera-
tions as before, but now from, respectively, the IB and COSIB-8
algorithms; rows 5 and 6 present respectively the OSIB-8 and
smoothed OSEM-8 results at iterations 2, 4 and 8. All algo-
rithms were successful in reconstructions but images in (a) re-
veal that low counts resulted in poor quality (i.e., more noisy)
reconstructions due to low signal to noise ratio in the model.
It is evident that the MPL-GGMRF and IB estimates preserved
edges better than MPL-GMRF. The lesion is clearly visible in all
reconstructions. However, for OSIB-8 and smoothed OSEM-8
in the 100 k counts case, the lesion is somewhat blurred.

We emphasize that as the objective functions of IB and MPL
are different, direct comparison of their reconstructions is less
sensible. We should also compare their biases and standard
deviations.

Sample mean and standard deviation of reconstructions of
MPL-GMRF (iteration 128), MPL-GGMRF (iteration 128), IB
(iteration 128) and smoothed OSEM-8 (iteration 16) are dis-
played in Figs. 3 and 4. These images relate to 100 k (Fig. 3) and
400 k (Fig. 4) measurements. Note that Figs. 3 and 4 are for ex-
planations only, as they correspond to those specific smoothing
parameters given in Table I; different smoothing values would
give different means and variances images. In each figure, mean
images are in (a) and standard deviation images are in (b), and
the images are arranged by: column 1: MPL-GMRF; column 2:
MPL-GGMRF; column 3: IB; column 4: smoothed OSEM-8.
The standard deviation images for IB (and also possibly for
smoothed OSEM) appear remarkably similar to the phantom.
This can be explained from the fact that the IB and EM itera-
tions are similar, so that, following [32], the standard deviation
of the IB estimate is proportional to the mean image value at
pixel (with proportion given by the standard deviation of the
additive noise of ). Besides, unlike the MPL methods, IB
and smoothed OSEM developed a non-uniform standard devia-
tion pattern at the body background: larger standard deviations
for pixels closer to the body center. This could be because the
additive noises (of ) had non-constant variances within
this region.

For each of four ROIs and each reconstruction method, we
plot absolute bias against standard deviation (at iteration 128 for
all the algorithms) in order to assess in what way will bias and
standard deviation change with the smoothing parameter. The
plots are given in Fig. 5 (100 k projections) and Fig. 6 (400 k
projections). Similar plots can also be found in [20]. These plots
can be used to compare different reconstruction methods, and to

identify which method achieves the lowest combined bias and
variance. In general, the reconstruction method which gives the
lowest bias versus standard deviation curve is preferred, since
this indicates that a reduction in variance does not associate with
a large increase in bias. According to this criterion, Figs. 5 and
6 show that IB performed better than the MPL methods in the
lungs and the myocardium. The IB method, however, is not at-
tractive for reconstructing the body background as it was sen-
sitive to an increased smoothing parameter in this region. The
smoothed OSEM-8 algorithm is interesting: its reconstructions
corresponding to varying standard deviations of the Gaussian
filter always displayed low bias and high variance; this may due
to the fact that a fixed order was used for the Gaussian filter.

The behavior of IB at the body background needs further ex-
aminations. Panel (d) in Figs. 5 or Fig. 6 reveals that IB and
MPL behaved dissimilarly in this region. With an increasing
smoothing value, IB quickly increased the bias but slowly de-
creased the variance, while MPL-GGMRF and MPL-GMRF
clearly acted in an opposite way. By a careful study of all the
mean and variance images (not shown here), we observed that
the biases of the IB estimates increased faster within two re-
gions of the body background: (i) the boundary (also called
the body contour), and (ii) the ellipse inside the myocardium.
Large bias along the body contour was due to the “boundary
bias” (see [33]) of the spline smoothing method for estimating .
This problem can be corrected following the approaches given
in [33]. Large bias in the ellipse inside the myocardium was
mainly due to an over smoothing of the portions of sinogram
representing this ellipse, as the ellipse (low activity) is sand-
wiched between the myocardium (high activity) ring.

We comment that, when assessed by the mean and variance
of the reconstructions, the IB method is competitive with MPL
or smoothed OSEM. Similar to EM, the variance of the IB re-
construction appears remarkably similar to the image itself. The
IB method may produce, for a large smoothing value, an image
with regions containing large bias and moderate variance. Thus
one must exercise cautious when selecting a smoothing value
in the procedure of estimating . The cross validation (CV)
and generalized cross validation (GCV) methods discussed
in, for example, [33] may be useful for searching the optimal
smoothing value.

Fig. 7, where (a) is for 100 k and (b) for 400 k counts, ex-
hibits plots of objective difference against
iteration number , where represents the true non-neg-
atively constrained minKL solution and was approximated by
5000 iterations of IB. The algorithms compared in the plots are:
IB, COSIB with 8 subsets (COSIB-8) and OSIB with 8 subsets
(OSIB-8). COSIB-8 converges faster than IB; in both cases, ap-
proximately 16 iterations of COSIB-8 equate to 32 iterations
of IB. OSIB-8 offers fast initial convergence, but then diverges
away from the minKL solution.

D. Computational Time

Besides the computational time required to smooth projec-
tions (“overhead”), the computational load of IB is the same as
that of EM due to similarities between the two algorithms. On
the other hand, each iteration of MIIL involves a forward pro-
jection, a backprojection and a line-search, and hence is more
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demanding in computation per iteration than that of IB (when
the overhead is not counted).

For the 100 k simulation, 128 iterations of IB used 8.25 sec-
onds of CPU time while MIIL for MPL-GGMRF and MPL-
GMRF used, respectively, 12.41 and 13.36 seconds CPU time.
However, the overhead for IB is about 10.51 seconds of CPU
time.

The above comparisons were made strictly between IB and
MIIL (for MPL). It does not indicate any speed advantage of
IB over MPL in general. In fact, if we used another algorithm
which has no line search and low computational costs beyond
the projection and backprojection operations (such as [10]), the
speed of computing the MPL reconstruction could be faster than
that of MIIL.

VI. DISCUSSION

In this paper we have presented the IB image reconstruction
algorithm for emission tomography which, in each iteration,
uses Bayes formula to update the reconstruction. This algorithm
assumes the form of the EM (or Richardson-Lucy) algorithm as
a special case.

The IB method discussed in this paper facilitates smoothness
in the reconstruction by the smoothness in the estimated mean
camera activity vector . When , IB coincides with the
EM algorithm for emission tomography and iterations converge
to the ML solution. In this context it provides an unacceptable
estimate of the unknown image at convergence. When is a
smoothed estimate of then the IB algorithm offers a smoothed
reconstruction . The accuracy of depends on the accuracy
of (as an estimator of ). Incorporation of prior information
about into the IB algorithm can help to improve . Note that
MPL includes the prior through the penalty function (so ma-
nipulates in the image domain). But for IB, it is non-trivial to
include the prior through the projection penalty as we are
unclear how to transfer the prior into . However, we can
follow the EMS algorithm of [14] and adopt the prior by de-
signing an operator so that, within each iteration, the update
of is: . For example, if one wants to smooth re-
gions but preserve edges, then an M-filter [34] can be applied to
achieve this requirement. Further works are needed for under-
standing properties, such as noise and resolution, of this adjust-
ment to the IB method.

From the simulation study of Section V we observe that, with
an appropriate parameter to smooth projection measurements,
the IB algorithm is competitive with other widely used recon-
struction methods in emission tomography, particularly MPL
(with a suitable prior) and smoothed OSEM (i.e., OSEM fol-
lowed by a Gaussian filter).

In this paper we only considered a nonparametric approach
to estimate the unknown projection vector . Other approaches
are also available, such as those given in [17]. Besides, in the
simulation study we employed a single smoothing parameter

to smooth measurements on different projection angles and
found that this strategy worked well.

Two ordered subset versions of IB are formulated, namely the
OSIB and the COSIB algorithms. OSIB uses only the current
subset data in each sub-iteration to update the corresponding

backprojection probabilities and then reconstructs the unknown
image. COSIB, on the other hand, uses the backprojection prob-
abilities of all subsets to compute the reconstruction. In each
sub-iteration, COSIB first updates the backprojection probabil-
ities of the current subset and then reconstructs using all subsets;
those backprojection probabilities of other subsets are inherited
directly from the last sub-iteration. OSIB behaves similarly to
OSEM: it offers fast initial convergence, but it is crucial to termi-
nate the algorithm at the right iteration(s) as the estimate deteri-
orates rapidly afterwards. COSIB possesses global convergence
but has slower initial convergence than OSIB.

Although we have developed the IB algorithm in the context
of histogram mode measurements, it can be easily extended to
list mode observations. Hence this method offers a unifying ap-
proach for both list and histogram mode measurements.

APPENDIX I
CUBIC SPLINE PENALTY MATRIX

According to [23, Chapter 2] the matrix of (17) is given by

Here the matrices and are easily constructed from knots
. In fact, is a matrix with entries

( and ) given by: ,
for and all other

. is a banded diagonal matrix
with entries ( , ) given
by: , for
and all other .

APPENDIX II
IB, OSIB AND COSIB ALGORITHMS

The IB algorithm

1) compute using cubic spline smoothing or other
non-negatively constrained nonparametric regression methods.

2) Set the initial value , then compute .

3) Until convergence (or a prescribed number of iterations) do:

Open iteration ( ).

Compute .

For all do:

(i). Compute for all .

(ii). Update

Close iteration .

Go to iteration .
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The OSIB algorithm

1) compute using cubic spline smoothing or other
non-negatively constrained nonparametric regression methods.

2) Set the initial value and let .

3) Until convergence (or a prescribed number of iterations) do:

Open iteration ( ).

For do:

Compute for .

For all do:

(i). Compute for all .

(ii). Update

Close iteration .

Set . Go to iteration .

The COSIB algorithm

1) compute using cubic spline smoothing or other
non-negatively constrained nonparametric regression methods.

2) Set the initial value and compute

for all and . Then compute for
all .

3) Until convergence (or a prescribed number of iterations) do:

Open iteration ( ).

For do:

Compute for .

For all do:

(i). Compute

for all .

(ii). Update

Close iteration .

Set . Go to iteration .

APPENDIX III
PROOF OF THEOREM 2

For Theorem 2 we need the following two approximations.
First, due to similarities between and the log-likelihood

, an approximation to is obtained which is similar to
(13), where is replaced by and is replaced by with

the ML estimate of using the mean measurement . Second,
note that the projection operator is a smoothing operator in
tomography, thus if the low and middle spatial frequencies of
and agree well then and
are similar, and also and

are similar. Note that vec-
tors , , and are included in diagonal matrices which are
sandwiched between the and matrices, and thus induce
smoothness of these vectors, see [22]. These approximations
lead to

(33)

With penalty function , the MPL estimate of (denoted
by ) is the one which maximizes the penalized log-likelihood
function:

(34)

where is the smoothing parameter. Let and
. Let and be, respec-

tively, and with replaced by . The variance matrix of
can be approximated by (see [22] with ):

(35)

which leads to

(36)

Since and is symmetric and non-negative definite,
is non-positive definite. Thus

is non-positive definite under the approximation in (35).
This result, together with approximation (33), demonstrates that

is non-positive definite.
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